Abstract. We describe a convex surface of constant width in R 3 with tetrahedral symmetry, and show that it provides a counterexample to a conjectured inequality L ≤ 2D relating the intrinsic diameter D and the least length L of a closed geodesic on a spherical surface.
The conjectured inequality L ≤ 2D [NR02, NR07] , where D is the diameter and L is the least length of a closed geodesic, has been widely expected to hold, perhaps ever since [Gr83] . The conjecture was inspired by the fact that the round metric on the sphere satisfies equality L = 2D.
Consider the regular tetrahedron of side 1. Consider the intersection of four unit balls centered at the vertices of the tetrahedron. The intersection is a solid body of constant width 1. The solid is contained in the ball which is bounded by the circumsphere of the tetrahedron. Let S denote the boundary surface of the solid. Theorem 1. The surface S has diameter D < 1.5 and least closed geodesic of length L > 3, and therefore constitutes a counterexample to the conjectured inequality L ≤ 2D.
Potentially, other diameter-extremal subsets of spheres [Ka89] could provide further counterexamples.
To explain the motivation for the counterexample, note the following. The intrinsic diameter of the piecewise flat boundary surface of the regular Euclidean tetrahedron, which is the intrinsic distance between a vertex and the center of the opposite face, is smaller than half the length of the closed geodesic obtained as the intersection of the boundary surface with a plane in R 3 containing the z-axis and one of the vertices of the base. This would already provide a counterexample, if it were not for a spurious hexagonal closed geodesic, obtained by cutting the tetrahedron by an equidistant plane of a pair of opposite edges. To overcome this difficulty in constructing a counterexample, the idea is to "inflate" the tetrahedron so as to make the hexagonal closed geodesic (which necessarily persists for topological reasons) longer than twice the diameter. One convenient way to do the inflation is to consider the intersection of the balls centered at the vertices, resulting in the convex surface S consisting of four regions of constant Gaussian curvature +1.
We will label the "vertices" of S as A, B, C, D for convenience. Define the "edge" AB to be the arc between A and B of the circle of intersection of the the unit spheres centered at C and and D (note that the edge is not an arc of great circle). Consider the edges AB and CD on the surface S, and take the four midpoints of the remaining edges, ordered consecutively. Connect each adjacent pair of midpoints by the arc of great circle on the spherical region of Gaussian curvature 1 whose boundary they lie on. Denote by L 1 the resulting loop on the boundary of the solid. Denote by L 2 the closed curve composed of an "edge" and a pair of "altitudes". Theorem 1 immediately results from the following. 
We need to determine a certain triple of lengths. All three are lengths of geodesic arcs on the boundary surface of the solid of constant width. Thus, all three arcs have geodesic curvature +1 as space curves. In the discussion below we will refer to the "edges" of the tetrahedral surface. Note that the edges themselves are not geodesics, but rather arcs of circles of intersection of unit spheres. Namely, we need the following three lengths:
• the length h of the altitude of a face of the solid;
• the length m of the shortest path on the face joining a pair of midpoints of the edges; • the length c of the shortest path from the center of the face, to the midpoint of its edge. Note that the intrinsic diameter of the surface is D = h + c, while the hexagonal loop has length L = 6m. To show that the surface provides a counterexample, one needs to show that L > 2D. The edge CD of the surface is the intersection of two unit spheres. Hence the edge is at constant distance 1 from both vertices A and B. In particular, its midpoint E is at unit Euclidean distance from both A and B. Thus the Euclidean distance between A and E is 1. Thus we have an equilateral Euclidean triangle ABE. Now consider the geodesic altitude h on the surface. The arc h can be thought of as lying on the unit sphere centered at B and joining A to E.
Hence the subtending angle of the arc h is π 6
. Thus h = π 6
. The calculation of the angle β in (1) immediately yields the following. The arc h−c is the arc joining a vertex and the center of the face. Hence h−c is precisely the arc with subtending angle β. Hence
Note that the intersection of a pair of spheres centered at vertices A and B is a circle centered at the midpoint A+B 2 of the straight line segment joining the vertices A and B (but not the midpoint of the edge AB of the surface).
Hence edge CD on the surface is an arc of the circle centered at the midpoint A+B 2
. The radius of the circle is the altitude in an equilateral triangle with unit sidelength. Hence the radius of the circle is (radius of circumsphere),
(half the edge of the tetrahedron), and e. Hence e = 9 24
. Therefore the distance from the center of the circumsphere to the midpoint of the edge is the difference
. The quan-
is the side of the equilateral triangle whose vertices are the center of the circumsphere, as well as a pair of midpoints of edges. Meanwhile, m is the length of the arc on the unit sphere joining a pair of points whose Euclidean distance in R 3 is the quantity . Meanwhile, the length of the edge is easily seen to be arccos(1/3).
